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SECTION 1 
This article discusses some of the more recent results concerning 
strong liftings and Bore1 liftings, as well as the applications of such 
liftings to various topics in analysis, particularly derivation basis and the 
disintegration of measures. Section 2 introduces the basic notations and 
definitions in the theory of lifting and sketches its historical development. 
Section 3 develops the basic results on strong liftings and Section 4, 
those on Bore1 liftings. Section 5 applies the preceding results to the study 
of derivation basis, which Section 6 involves the applications to the 
disintegration of measures. Section 7 summarizes the material presented 
while discussing some of the open problems in the theory of lifting. 
SECTION 2 
Let 2 be a locally compact space. We denote by d(Z) the vector 
space of all Radon measures on 2 and by d+(Z) the cone of all positive 
elements of d(Z). If p E M(Z) we denote by M* the set of all bounded p 
measurable fun&ions on Z to R. We write g for the family of p measurable 
subsets of Z and a0 for the subset of 9 consisting of measurable sets of 
jinite measure. 
A mapping p: M*) +- M* is said to be a lifting of M* if 
(9 P(f 1 =f; 
(ii) f = g implies p(f) = p(g); 
(iii) p( 1) = 1; and p(0) = 0; 
(iv) f > 0 implies p(f) > 0; 
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(4 P(Of + PA = w(f) + &J(g); 
(4 dfg) = P(f) P(g)* 
If p satisfies only (i)-(v), then p is called a linear lifting of 1M”. 
Equivalently, a mapping 0: g -+ g is called a lifting of 9 if 
(i’) B(A) z A; 
(ii’) A = B implies 8(A) = O(B); 
(iii’) e(Z) = 2; e( 0 ) = 121 ; 
(iv’) e(A u B) = B(A) u B(B); 
(VI) e(A n B) = e(A) n e(B). 
The problem as to whether there exists a lifting of Ma was first 
raised by A. Haar in the case where Z = R and p is the Lebesgue 
measure. This particular problem was solved by J. von Neumann in 
1931 [47]. Subsequent papers by J. von Neumann and M. H. Stone [48] 
and J. Dieudonne [6] discussed various aspects and generalizations. 
Finally, in 1958, D. Maharam proved the existence of a lifting for 
arbitrary o-compact 2 via a particular result for products of two-point 
spaces and a general isomorphism theorem on homogeneous measure 
algebras [36, 371. 
A different and more direct proof of the existence of a lifting, valid 
for an arbitrary, locally compact 2 and p E d(Z) was subsequently 
given by A. and C. Ionescu Tulcea [20, 261, and it is this proof of the 
existence of a lifting of Ma which lends itself to many applications. 
The basic reference for the theory of lifting is the work of A. and C. 
Ionescu Tulcea in the Springer-Verlag “Ergebnisse” series [26]. The 
address of C. Ionescu Tulcea delivered to the American Mathematical 
Society [27] provides a summary of results in the theory of lifting until 
1965. Both of the above references contain extensive bibliographies. 
For purpose of reference, we remark that the existence of a lifting of 
Mm is equivalent with the existence of a lifting of B. Furthermore, 
given a lifting p of M *, there exists a unique lifting 0 of g such that 
P(YA) = F+(A) , where VA is the characteristic function of A E 93. The 
converse result is also valid. Finally, the locally compact structure on 2 
is not needed to define a lifting of either Mm or 9’. Such liftings can be 
defined whenever 2 is strictly localizable [26] (see also the papers of 
R. Ryan [53, 541). H owever, many of the applications of the theory of 
lifting utilize a topological structure, and that of a locally compact space 
is most natural. 
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SECTION 3 
Let 2 be a locally compact space and let p E d+(Z). We denote by 
P(Z) the set of all bounded, continuous functions on 2 to R. A lifting p 
of Ma is said to be strong if 
(vii) p(f) = f for f E C*(Z). 
We similarly define a strong linear lifting, and note that the existence 
of a strong lifting is equivalent with the existence of a strong linear 
lifting [26]. T o s h ow that a (linear) lifting is strong, it is sufficient to show 
that p(f) = f for f E K(Z) = {f E C*(Z) : f has compact support}. 
A lifting 8: &4? -+ g is said to be strong if 
(vi’) U _C e(U) for U open. 
When either (vii) or (vi’) is valid (the cases are equivalent), we say that 
the couple (2, p) possesses the strong lifting property. Note that we must 
have supp p = Z to define a strong lifting. 
If t.~ E d+(Z), we say that p is an almost strong lifting of M”O if there 
exists a set A _C 2, with p(A) = 0, such that 
(viii) p(f) w-(4 = f4)+m for alIfE C*(z). 
When (viii) is satisfied, we say that (2, CL) has the almost strong lifting 
property. If supp p = 2, it is easily seen that (2, CL) has the strong 
lifting property if and only if (2, p) has the almost strong lifting property 
WI- 
The problem as to whether an arbitrary couple (2,~) has the (almost) 
strong lifting property is open. We do have the following theorem, due 
to A. and C. Ionescu Tulcea [26]. 
THEOREM 3.1. Let Z be locally compact and metrizable, and let 
p E A!+(Z). Then (2, p) has the almost strong 1;fting property. 
Theorem 3.1 says in particular that if ,u E k!+(R”), then (P, cl) has 
the almost strong lifting property. If p is the Lebesgue measure, then 
the space has the strong lifting property. 
If 2 is a locally compact group and if j denotes the family of all left 
translations of 2, then a (linear) lifting p of Mm commutes with the left 
translations of Z if 
(ix) P(f O 4 = Af > OS for all feMm and all SE$. 
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A. and C. Ionescu Tulcea have proved the following theorem concerning 
such liftings [24]. 
THEOREM 3.2. Let Z be a locally compact group and let $ denote 
the family of all left translations of Z. Let p be a left Haar measure on Z. 
Let p be a lifting of Mm. 
(1) If p commutes with the left translations of 2, then p is strong. 
(2) There exists a lifting p of M” commuting with the left translations 
of 2. 
Thus any couple (2, p), where 2 is a locally compact group and p is a 
left Haar measure on 2 has the strong lifting property. If we remark 
that a lifting 13 of &? commutes with $ if 
(vii’) B(sB) = so(B) for all B E 99 and all s E $, 
we may deduce on the basis of Theorem 3.2 that there exists a (strong) 
lifting of g commuting with $. 
The results of Theorems 3.1 and 3.2 are not all inclusive; there exist 
nonmetrizable spaces, including infinite product spaces, which possess 
the (almost) strong lifting property [38]. Furthermore, no example has 
been given of a couple (2, p) which does not possess the (almost) strong 
lifting property. 
Several reductions and simplifications of the (almost) strong lifting 
problem have been made. First of all, it is sufficient to establish the 
(almost) strong lifting property for couples (2, p) where 2 is compact 
[26, 341. Furthermore, it is not necessary to establish the existence of 
an (almost) strong lifting for every such couple, as is noted in the 
following theorem of K. Bichteler [l]. 
THEOREM 3.3. The following assertions are equivalent: 
(1) (2,p)hasth e a most 1 strong lifting property for Z compact and 
CL E ~+(-o 
(2) (II, A) has the almost strong lifting property for II an arbitrary 
product of unit intervals and h E J$+(II). 
It is useful for future reference to provide an alternate proof that (2) 
implies (1) in Theorem 3.3. Such a proof proceeds as follows: Embed 2 
homeomorphically in a product 17 of unit intervals; we then may 
assume that 2 is a compact subset of 17, with ,U a measure on this subset. 
Let /I be the Lebesgue measure on II and consider the measure h defined 
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by X = /Ivpz + p. Since /3,, is concentrated on VZ and since p is con- 
centrated on 2, we conclude that AZ = CL. Since an almost strong lifting 
on (17, h) induces an almost strong lifting on (2, hz) [34], we conclude 
that (2, p) has the almost strong lifting property. 
K. Bichteler has provided a further reduction of the (almost) strong 
lifting property by replacing the products of intervals by products of 
two point spaces [2]. 
The structure of the family of measures on 2 admitting an almost 
strong lifting has been characterized by K. Bichteler [5]. 
THEOREM 3.4. The family of all measures ~1 E A(Z) such that 
(2, 1 p I) has the almost strong lifting property is a band in A(Z). 
A shorter proof of Theorem 3.4 by a technique different from that of 
K. Bichteler has been given by C. Ionescu Tulcea and the author [34]. 
In particular, it can be shown that if (2, p) admits an almost strong 
lifting and if y is absolutely continuous with respect to j p I, then (2, y) 
has the almost strong lifting property. 
Characterizations of the strong lifting property can be expressed in 
terms of point realizations of endomorphisms of L” [28, 591, or in 
terms of density topologies [17, 191. Other characterizations are given 
in Sections 5 and 6. Until now, however, most of the definitions and 
results concerning (almost) strong Wings have been given in the 
setting of locally compact spaces and measures on such spaces (see 
however [16, 26, 27, and 491). It would be interesting to discuss strong 
liftings and almost strong liftings and their applications in the setting 
of separated topological spaces and measures on such spaces. In all 
likelihood, most of the results obtained in the case of locally compact 
spaces, when conveniently formulated, hold in this more general setting. 
SECTION 4 
Let 2 be a locally compact space countable at infinity and let p E &Y+(Z). 
Let U/ _C M* be an algebra such that if f E M*, there exists fi E 12 such 
thatf =fi.A(l inear) lifting p of Mw is said to be an Oz (linear) lifting if 
(x) p(f) E a for all f E Ma. 
In particular, GZ may be the algebra of Bake measurable functions or 
the algebra of Bmel measurable functions. 
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Equivalently, if Q!, = {A : P)* E a}, we say that a lifting 0 of a is an 
Q? lifting of 99 if 
(viii’) B(B) E a1 for all B E .%‘. 
It is easily seen that the existence of an @ lifting of 53’ is equivalent with 
the existence of an G?? linear lifting of M ~. It is not known if the existence 
of an a linear lifting of Moo is equivalent with the existence of an a 
lifting of Ma, even when GY denotes the Baire or Bore1 measurable 
functions. 
The comment in the last sentence is typical of the problems in this 
area. It is an open problem whether or not there exists an a (linear) lifting 
for arbitrary (2, p) or what supplementary conditions are necessary to 
insure the existence of such (linear) liftings. By explicit use of the 
continuum hypothesis, J. von Neumann and M. H. Stone established 
the existence of a Bore1 linear lifting in the case where Z is the unit 
interval and p is the Lebesgue measure on 2 [27, 481. Also, if (2, cl) is 
a hyperstonean space and if p is the strong lifting of M”O which associates 
to f E Ma the unique continuous function equivalent with f, then p is an 
GY lifting. On the other hand, C. Ionescu Tulcea has noted [27] that there 
need not exist a strong Baire lifting for arbitrary (2, p), where 2 is 
compact and TV E d+(Z), with supp p = Z. 
The construction of the last example is useful to consider. If X is an 
uncountable discrete space and if 2 = X u {zc*> is the one point 
compactification of X, it is easy to construct a measure p on 2 with 
supp p = Z and p(x*) > 0. Since {z*} is a compact set which is not a 
Gs, {x*} is not a Baire set. If p is a strong lifting for (Z, p), then 
p(x”) c x*, so that p(x*) = x *. Thus p can not be a Baire lifting of 
VP PI. 
A. and C. Ionescu Tulcea have established a particular result con- 
cerning the existence of Bore1 liftings [26]. 
THEOREM 4.1. Let Z be a locally compact space countable at infinity 
and let p E k?+(Z). Suppose that there exists an almost strong lifting 
of Mao. Let {f,} be a sequence of functions in Mm, and let S be the closed 
subalgebra of M” spanned by Cb(Z) and {fJ. Then there exists an 
almost strong lifting p of Mm such that p(f) is Bore1 measurable for each 
fsS. 
As in the case of strong liftings, it is not necessary to establish the 
existence of Bore1 liftings for every couple (Z, p). 
STRONG LIFTINGS AND BOREL LIFTINGS 61 
THEOREM 4.2. The following assertions are equivalent: 
(1) There exists an (almost strong) Borel (linear) Zifting for (2, p), 
where Z is a compact space and TV E A?+(Z). 
(2) There exists an (almost strong) BoreE (linear) Zifting for (I?, X), 
where II is a product of unit intervals and p E M+(n). 
Theorem 4.2 is established by making the obvious modifications in 
the alternate proof to Theorem 3.3. As in the case of strong liftings, 
existence theorems for Bore1 liftings reduce to the case of compact 
z [39]. 
In conclusion, we note that it is possible to give a structure theorem 
for Bore1 liftings which is similar to Theorem 3.4 [39j. 
THEOREM 4.3. The set of all p E d(Z) such that (Z, 1 TV I) admits 
a Bore1 lifting is a pseudo-band in d(Z). 
In particular, we may deduce that if (Z, p) admits a Bore1 lifting and 
if v is absolutely continuous with respect to / p I, then (Z, v) admits 
a Bore1 lifting. 
SECTION 5 
Let Z be a locally compact space and let EL. E d(Z). Let a,,* = 
{A E a0 : p(A) > O}; in general, if (8 C go , we write @* = {A E S? : 
p(A) > O}. A d erivation basis on Z is a family S = (S(.z)),,z , where 
F(z) is a filter basis on S&,* for each x E Z. 
For a given derivation basis F, a set % C a,,* is said to be an F- 
covering of E C Z, where 0 < p(E) < co, if every x E Z and @ E F(s), 
V n Q! # o. g is said to be a strong derivation basis if for each 
T-covering V of E, 0 < p(E) < oo, and for each E > 0, there exists 
a countable, disjoint family d _C V such that p(E - u 8) = 0, and 
p(u 8 - E’) < E, where E’ is a measurable cover for E. 
For a given derivation basis 9, we write G?(S) = {A C Z: there 
exists x E Z and Q! E F(z), with A E a}, and we say that 9 is of type Q, 
where % _C ~8~) if U(F) C %. If 9 is of type % and if $: % + R, we 
define the mapping #/CL: U(S)* -+ R by the relation (Q/p)(A) = 
#(A)/p(A). We define &,G: Z -+ R and Dp#: Z -+ R by the rules 
&+(x) = lim inf,b, #/p, and D9#(x) = lim supFb) #/t.~. If DS#(x) = 
DsF$(x), we write DF$(z) = D&(x) = D.&J(Z), and call DS#(z) the 
derivative of 16 at z. We then say that + is dzyerentiable at z. 
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IffEMm, we define & : @ + R by the relation I/J~(A) = $ yAf dp. 
We then say that 9 is a weak derivation basis if DF#f(x) = f(z) p almost 
everywhere. 
D. Kolzow has established the following basic theorem relating 
derivation basis and liftings [35]. 
THEOREM 5.1. Let Z be a locaZZy compact space and Zet p E k(Z). 
The following assertions are equivalent: 
(1) there exists a lifting of SY’; 
(2) there exists a strong derivation basis on Z; 
(3) there exists a weak derivation basis on 2. 
In [35], Kolzow actually lists 11 conditions which are equivalent to 
the existence of a lifting. J. Gapaillard has derived other conditions 
equivalent to these [12, 131, and has sharpened a number of Kolzow’s 
proofs [14]. 
In dealing with the relationship between strong liftings and derivation 
bases, it is useful to consider a certain supplementary condition. We say 
that the derivation basis F = (F(z))~~~ satisfies condition (C) if for 
every open set U _C 2 and for every z E U, there exists O? E F(z) such 
that GZ C P(U). If we denote by %c the family of all relatively compact 
subsets of Z which are countable unions of compact sets, we obtain 
the following theorem of C. Ionescu Tulcea [32]. 
THEOREM 5.2. Let Z be a locally compact space and let p E d+(Z), 
with supp ~1 = 2. The following assertions are equivalent: 
(1) (2, p) has the strong lifting property; 
(2) there exists a strong derivation basis on Z of type SC satisfying 
condition (C); 
(3) There exists a weak derivation basis on 2 such that D,( f * p)(z) = 
f(z) for every f E P(Z) and x E 2. 
If 9 is a weak derivation basis which satisfies condition (C), then 9 
generates a strong linear lifting of M”. This linear lifting p of MW 
satisfies the condition 
(4 p(fg) = fp(g), f E WZ), g E M”O. 
Since linear liftings satisfying (xi) arise in other applications (for example, 
in the disintegration of measures), it is useful to note that any linear 
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lifting which satisfies (xi) is almost strong. (Write K = supp I”, 
K1 = {z E Z: p(cp&z) = 11, and K’ = K n KI . Then ~(2 - K’) = 0, 
and for 2 E K’ and f E Cb(Z), p(fvKr + fFw)(z) = p(fw)(4 = 
f(4 Ph*)(4 = f (4’) H owever, an almost strong linear lifting need not 
satisfy (xi) (modify the linear lifting on a set of measure zero). 
Weak derivation bases may satisfy the condition D&f * p)(z) = f (2) 
for functions other than continuous functions. For example, there exists 
a weak derivation basis F on R” (for Lebesgue measure) such that 
D&f - p)(z) = f (z) for all f: Rn -+ R which are right continuous on R’“. 
The (strong) linear lifting of iPi* generated by 9 satisfies condition (xi). 
This linear lifting is used in constructing the families of nonmetrizable 
spaces possessing the strong lifting property which were mentioned in 
Section 3 [38]. 
In view of the sufficiency of establishing the (almost) strong lifting 
property for certain product spaces (Theorem 3.3), one approach to 
the strong lifting problem might be to use derivation bases on the 
component spaces to attempt to generate a strong derivation basis on 
the product space, and then to use Theorem 5.2 to infer the existence 
of a strong lifting. However, J. Dieudonne has shown that derivation 
bases on component spaces need not generate a derivation basis on an 
infinite product space [6]. In general, conditions under which strong 
liftings (or the corresponding derivation bases) on component spaces 
generate a strong lifting on a product space, finite or infinite, are, at 
present, unknown. 
Suppose now that 2 is a locally compact group and that % is the family 
of left translations of 2. A derivation basis s = (9(~))~~r is said to 
commute with $ if for all s E ,$ and x E 2, F(W) is the image of 9(z) 
under the mapping z t+ sz. Combining the results of Theorems 3.2 
and 5.2, we deduce the following theorem of C. Ionescu Tulcea [32]. 
THEOREM 5.3. Let Z be a locally compact group and let TV E k’+(Z) 
be a left Haar mea.rure on 2. Let f be the family of left translatim of Z and 
let 8 be a lifting of 49 commuting with #. Then there exists a strong derivation 
basis on Z of type Xc satisfring condition (C) which commutes with $. 
The preceding theorem has important applications in the study of 
approximate identities. Denote by Wcm the algebra of all mappings of 
the locally compact group Z to R which are bounded, Bore1 measurable, 
and have compact support. An approximate identity of Z of type 9?‘$ is 
a filter basis 9 on 99’p such that (i) a E s, and h E GY implies h 2 0 
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and & h dp = I; and (ii) for every V E V(e), there exists 0/! E s, such 
that h E G? implies supp h C V. If v E d(Z) and if fg &%“,a, we write 
(V *f)(z) = jzf(s%) dp(s) and (f * V)(Z) = ~zf(~-l~) O(+) dv(s), where 
d is the modular function of 2. We denote by (v, y)(x) the mapping 
g * (v * g>W and by (v, W4 th e mapping g ++ (g * V)(Z). With this 
notation, we can state the following theorem, also due to C. Ionescu 
Tulcea [32]. 
THEOREM 5.4. There exist approximate identities 9 and 39 of Z (of 
type .c%‘~“) such that if v = f - p + P, where f is locally ~1 integrable and a 
is singular with respect to v, then 
yv, Y&4 = f(4 
p almost everywhere. 
and lg-43 w4 = A-4 
Theorem 5.4 generalizes results obtained by R. Edwards and E. Hewitt 
[II] for locally compact groups satisfying certain supplementary 
conditions. These results were used to establish pointwise inversion 
formulas for Fourier transforms, which formulas are now valid with no 
restrictions on 2. 
The relationship between liftings and derivation bases is by no means 
restricted to real valued measures. For example, J. Pellaumail [49, 501 
has used the existence of a lifting of M” to generate a derivation basis 
9 (derivation privilegee’) which allows the derivatives Dpy to converge 
weakly and uniformly for vector measures y. These results generalize 
results of M. Metivier [44] on weak densities. In particular, in the case 
of a reflexive Banach space, y admits a strong density with respect to p 
if and only if F admits a weak density with respect to p. 
SECTION 6 
Let S be a compact space and define the set &+l(S) by the relation 
&+l(S) = (X E A+(S) : h(S) = 11. With this notation we are able to 
state an important characterization of the strong lifting problem, which 
is due to A. and C. Ionescu Tulcea [23, 261. 
THEOREM 6.1. Let Z be a compact space and let p E A’+(Z), with 
supp TV = Z. The following assertions are equivalent: 
(1) (Z, E.L) has the strong lifting property; 
(2) for every triple {S, V, p], w h ere S is a compact space, v E A+(S), 
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and p: S --t Z is a continuous mapping of S onto Z such that p(v) = p, 
there is a mapping A: x I+ Az of Z into A!+l(S) such that 
(9 v = JZ A, 44.4; 
(ii) supp h, Cp-r(x) for each z E 2; and, 
(iii) (f, A) E Mw for every f E C?(S). 
The mapping in (2) is called a disintegration of the measure v (with 
respect to p). Theorem 6.1 shows that, for compact spaces, the dis- 
integration of measures is equivalent to the strong lifting property. In 
particular, if 2 is metrizable and if p E J?+(Z), with supp TV = 2, there 
always exists a disintegration for v. 
Several modifications can be made in the statement of Theorem 6.1. 
If Z is a compact space, if p E d+(Z), and if there exists a linear lifting 
of Ma satisfying condition (xi), then there exists a disintegration of v 
for any triple {S, v, p> ( recall that such linear liftings are always almost 
strong) [29]. A partial converse is available; a disintegration of v for 
every triple {S, v, p} g enerates an almost strong linear lifting of Mm. 
However, the linear lifting need not satisfy condition (xi). 
It is interesting to note that if supp p = Z, then the linear lifting 
generated by the disintegrations of v for the triples {S, v, p} does satisfy 
condition (xi). As a result, we may deduce a variant of Theorem 6.1 
which characterizes UZ linear liftings satisfying condition (xi) [39]. 
THEOREM 6.2. Let Z be a compact space and let p E d+(Z), with 
supp TV = Z. The following assertions are equivalent: 
(1) there exists an fJ/ linear lifting of M* satisfying condition (xi); 
(2) for any triple {S, v, p}, where S is compact, v E M+(S), and 
p: S + Z is continuous, with p(v) = EL, there is a mapping A: x ++ A, of 
Z into A+l(S) such that 
6) v = Sz A, 444; 
(ii) supp h, Cp-‘(z) for each .z E Z; and 
(iii) (f, A) E G! for every f E Cb(S). 
While the characterizations in Theorems 6.1 and 6.2 are stated in 
terms of compact spaces, the idea of disintegration of measures can be 
formulated in a more general setting [23, 261. 
THEOREM 6.3. Let S and Z be two locally compact spaces, let 
v E d+(S), and let p: S + Z be a v proper mapping. Let t.~ E A!+(Z), and 
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assume that p(v) = tj - p for zj > 0 and locally p integrable. Let p be a 
lifting of M”O(Z, ,u). 
(1) There is a mapping h: z tt h, of Z into A+(S), appropriate 
with respect to (p, p), such that 
(i) I/ h, // = #(z) p almost everywhere; and 
(ii) Jsg(f 0 p) dv = Jz (g, X) dp for every f E K(Z) and g E K(S). 
(2) Assume that the lifting p is strong. Then 
(iii) h, is concentrated on p-‘(z) p almost everywhere. 
The preceding theorems encompass many of the basic relationships 
between the theory of lifting and the disintegration of measures. 
However, the following theorem of G. Mokobodzki [46] can also be 
proved via the theory of lifting [30]. 
THEOREM 6.4. Let Z = A x B, where A is compact and metrizable 
and B is compact. Let S be a compact subset of 2, let pFLI E d.+‘(S), let 
P = PBJS, and let v’ = p(p’). Then there is a mapping h’: b I-+ h,’ of B 
to &Y+(S) such that 
(i) (u, h’) E Mm for u E C*(S) and h,’ E JZ+l(S) for b cp(S); 
(ii) supp h,’ Cp-l({b}) for b E B; and 
(iii) jBg(u, X’) dv’ = Js u(g 0~) dp’ for u E Cb(S) and g E Cb(B). 
As in the case of derivation bases, the study of disintegration of 
measures is not restricted to measures on a (locally) compact space, or 
to real measures. For example, C. Ionescu Tulcea has established and 
codified many results on liftings for functions taking values in a 
completely regular space [31]. P. Georgiou has used such results, 
together with results on Boolean algebra, to prove theorems on the 
disintegration of measures in which the measures h, may be Dirac 
measures [15, 161. Also, J. Pellaumail has established an analog to 
Theorem 6.3 for more general topological spaces [51]. Finally, 
L. Schwartz has discussed applications of a number of results in the 
disintegration of measures [56, 571. 
SECTION 7 
The preceding sections have summarized some of the recent results 
in the theory of lifting, particularly results on strong liftings and Bore1 
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liftings, and the application of the theory of lifting to derivation basis 
and the disintegration of measures. In conclusion, it seems appropriate 
to stress three basic points. 
(I) The results of the preceding sections are not all inclusive. 
Indeed, many recent results in the theory of lifting can not be dealt 
with in detail because of the restrictions of space. As noted in Section 2, 
[26] is the general reference for the theory of lifting. Earlier forms and 
variations of these results are found in [17, 20, 21, 22, and 231. Relations 
between the theory of lifting and density topologies are contained in 
[17, 19, 22, and 261, while [17] and [18] contain remarks concerning 
generalizations of Theorem 3.2. Finally, recent results of K. Bichteler 
[3, 41 illustrate a general theory of integration (in this regard, see 
Chapters 1 and 6 of [20]) which introduces interesting settings in which 
strong liftings exist or in which theorems on strong liftings, especially 
Theorem 3.4, remain valid. 
(II) Derivation basis and the disintegration of measures do not 
exhaust the applications of the theory of lifting. 
The theory of lifting has applications in the solution of many problems 
in mathematical analysis, as the following examples illustrate. 
(a) The theory of lifting for functions taking values in a completely 
regular space [31] can be used to establish the existence of a separable 
modification of a stochastic process on a probability space [25]. These 
results are valid without the restrictive hypotheses (for example, 
metrizability) needed previously [lo, 451. 
(b) The theory of lifting can be used to establish various integral 
representation theorems (for example, the Dunford-Pettis theorem) 
without the need of any countability hypothesis [21, 261. 
(c) The theory of lifting can be used to generalize the Kolmogorov 
theorem on the existence of stochastic processes, while characterizing 
projective limits of probability spaces [52] and to study probability 
measures corresponding to stochastic processes [55]. 
(d) The results of Theorem 3.2 can be used to solve a problem on 
almost stable sets in a locally compact group which was posed by 
A. Simon [33, 581. 
(e) The strong lifting property and linear liftings satisfying condition 
(xi) can be used to decompose a measure into ergodic parts [29]. 
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(f) The theory of lifting has extensive applications in the study of 
vector measures [7] and in the study of conditional expectations on 
general measure spaces [8, 91. 
(g) The strong lifting property can be used to formulate a new 
definition of a measurable field of Hilbert spaces over a Hausdorff space, 
and to show that isomorphisms between measurable fields are induced 
by certain pointwise isomorphisms [42, 431. In addition, problems 
concerning the decomposition of operators on Hilbert space can be 
solved by using the theory of lifting [40, 411. 
Relations between the theory of lifting and density topologies or point 
realizations of endomorphisms of L”o have been noted in (I) and in 
Section 3. 
(III) A number of open problems remain in the theory of lifting. 
The most significant open problem in the theory of lifting is 
7.1. Decide if every couple (2, p) has the (almost) strong lifting 
property. 
When supp p = 2, we may, on account of Theorems 3.3, 5.2, and 
6.1, restate 7.1 in terms of products of unit intervals, derivation bases, 
or disintegration of measures. An example of a couple (2, p) which 
does not possess the (almost) strong lifting property would have 
important implications. 
A generalization of the problem in 7.1 can be given. 
7.2. Let CZ C Mw be an algebra such that if f E G!, g E GZ, and f = g, 
then f = g. Decide upon conditions on G!? (and on (2, p)) so that 
p(f) =f for fEGl. 
Comments upon a particular example of 7.2 were made in Sections 3 
and 5. 
7.3. Let 02 _C Mw be an algebra such that for every f E Moo, there 
exists fi E GY such that f = fi . Decide upon conditions on @ (and on 
(2, p)) so that p(f) E 67 for f E Mm. 
Problem 7.3 is, of course, the fl lifting problem. Various questions 
are connected with 7.3, including the equivalence of existence for GY 
liftings and a linear liftings. A relationship between Q! linear liftings 
and the disintegration of measures is given in Theorem 6.2. 
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A final open problem in the theory of lifting relates to generalizations 
of Theorem 3.2. 
7.4. Let X be the group of all bijections s: 2 + 2 such that if 
f E Ma, then f o s and f 0 s-l belong to M*, and such that if Jf dp = 0, 
then J(fos)dp =0 and J(fos -‘) dp = 0. Let $ C Z. A (linear) 
lifting p of iW”O commutes with f if p( f o s) = p(f) o s for all s E $. 
Decide upon conditions on fl (and on (2, cl)) so that there exists a 
(linear) lifting commuting with $. 
In Problem 7.4, the existence of a linear lifting commuting with $ is 
not equivalent with the existence of a lifting commuting with f. 
Statements 7.1-7.4 summarize the basic open problems in the theory 
of lifting. Few results are available when the setting is other than 2 
a (locally) compact space and t.~ E d(Z). The (almost) strong lifting 
problem can be formulated for any topological space 2 which is separated 
and a measure ,u on 2 such that (2, CL) is strictly localizable. Many 
topics in the theory of lifting for functions taking values in a completely 
regular space or in a Banach space remain to be considered. Finally, 
the differentiation of measures can be discussed in the setting of vector 
measures, as can various problems in the disintegration of measures. 
Note Added in Proof. Since this paper was submitted for publication, entries [60-731 
in the References either have appeared or been announced. Entries [60], [65], and [69] 
are of particular interest in the study of the Bore1 lifting problem and the disintegration 
of measures. The remaining references illustrate various applications of the theory of 
lifting. 
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